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REACHING PYTHAGORIAN THEOREM BY FOLDING PATTY
PAPER!

Sevin Demirci?, Emine Gaye Contay®

ABSTRACT

In this study, a paper folding activity task, which involved reaching the Pythagorean Theorem with a
series of steps was designed. The aim of the task is to reach the Pythagorean Theorem with folding
activities by deductive reasoning and logical inference. The study aimed to examine the effectiveness
of the task and to share the patty paper folding task with the teachers. The activity was used with 20
ninth grade students studying in a public school. The patty paper folding activity task was carried out
for a total of 6 lesson hours for three weeks. The students did not have difficulty while folding; they
generally had difficulties in performing algebraic operations and expressing the concepts
mathematically. The students participated in the activity willingly and the patty paper folding task
helped students understand why the theorem is true and contributed to meaningful learning in terms of
being a explanatory proof.
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YAGLI KAGIT KATLAMA ILE PISAGOR TEOREMINE ULASMA
0z

Bu ¢alismada bir dizi adimla Pisagor Teoremi’ne ulagsmayi iceren yagh kagit katlama etkinlik gorevi
tasarlanmistir. Caligmanin baslica amaci, 0grencilerin tiimdengelimsel akil yiiriitme ve mantiksal
¢ikarimin roliine iliskin anlayis kazanarak Pisagor Teoremi’ne yagli kagit katlama etkinlikleri ile
ulagmalaridir. Bunun yanisira, U¢ farkli etkinlik igeren yagh kagit katlama gdrevinin yararli olup
olmadiginin goézlenmesi ve oOgretmenlerin yagh kagit katlama gorevini yakindan tanimalar
amaglanmigtir. Etkinlik bir devlet okulunda 6grenim goéren 20 dokuzuncu simif Ogrencisi ile
yuritiilmistir. Yagh kagit katlama etkinlik gorevi 6grencilerle U¢ hafta boyunca toplam alti ders
saatinde gergeklestirilmistir. Ogrenciler yagh kagit katlama gorevinde, calisma kagitlarinda bulunan
adimlar1 uygularken katlama asamasinda zorluk yasamamiglar; fakat genel olarak cebirsel islemleri
yapmada ve bildikleri kavramlar1 matematiksel olarak ifade etmeye calisirken zorlanmislardir.
Ogrencilerin etkinligi uygulama siirecinde istekli ve keyif alarak etkinlige katildiklar1 gozlenmistir.
Yaglh kagit katlama gorevinin teoremin nigin dogru oldugunu anlamalarini sagladigi ve agiklayict bir
ispat niteliginde olmasi agisindan anlaml 6grenmeyi destekleyici katkisi oldugu goriilmiistiir.

Anahtar kelimeler: yagh kagit katlama, Pisagor Teoremi, ispat 6gretimi, matematik 6gretimi.
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INTRODUCTION

In the 300s BC, geometry became a scientific
phenomenon established by the logical rules of
a deductive science and axiomatic system, with
the work called "Elements" written by Euclid,
which is considered one of the peaks of success
reached by human intelligence. As a logical
system, two basic results emerged with the work
"Elements" of the Geometry-Euclid period. One
of these is the Pythagorean Theorem, and the
other is that the sum of the interior angle
measurements of a triangle in the plane is 180°
(Argln et al., 2014). Although the Pythagorean
Theorem is one of the first two results of the
work called "Elements", it is undoubtedly the
most famous theorem of geometry and has more
than 300 known proofs (Benjamin, 2019). In
this study, instead of directly introducing the
Pythagorean Theorem to students as a rule,
activities were developed on two proofs, and
how to structure these proofs. This is because to
use proof applications in school mathematics is
considered to be useful. The Principles and
Standards for School Mathematics consider the
reasoning and proof standard as one of the
parallel standards of mathematical knowledge
that students should acquire and use, as one of
the integral components of mathematics
teaching and learning in determining all
processes and methods of doing mathematics
(National Council of Teachers of Mathematics
[NCTM], 2000; van de Walle, 2013). Students
need to acquire the habit of providing logical
justification for answers to questions and
curiosities, and it is extremely important to learn
the value of proving their ideas through logical
evidence. Therefore, all students from
kindergarten through 12th grade should view
reasoning and proof as fundamental
components of mathematics; they must be able
to create and examine mathematical
hypotheses, develop and evaluate mathematical
claims and proofs, and choose and use various
forms of proof methods and reasoning (NCTM,
2000; van de Walle, 2013). However, in
classrooms, the proof is presented to students as
a series of symbolic manipulations that lead to
a result prepared for them to accept, which
students will have difficulty following in a
purely deductive and narrow framework due to
the formal nature of formal proof, and thus the
nature of the rules and formulas is not
understood by the students. Therefore, the proof
skills of students become weak (Hanna &
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Jahnke, 1993, Tall, 1989). Hsieh et al. (2021)
stated in their study that students were able to
write formal proofs with the help of paper
folding, even though they were not advanced
students and had not learned the concept of
proof in a formal way before. Therefore, it
seems possible for students to progress to
formal proof with the help of paper folding.
While the sharp definitions produced by certain
mathematicians for proof do not include proofs
made by folding paper, in recent years, with the
inclusion of technology in the proof processes,
alternative proof methods have become visible
and have Dbegun to be accepted among
mathematicians (Boz Yaman, 2020). However,
concepts such as reasoning and justification are
not synonymous with proof, so it is necessary to
distinguish between reasoning and proof.
Concepts such as reasoning, justification, and
generalization are concepts closely related to
proof. Although proof is a form of argument
formation and justification, not all arguments
and justifications are proof. In addition, formal
proof may not always be a sufficient
justification and explanation of mathematical
ideas. What is important in geometry education
is that students examine why a mathematical
expression is true or false (Guler, 2020). In this
way, students can structure the proof with
correct reasoning. Different solutions have been
suggested to improve students' proof skills.

NCTM (2014) emphasized the necessity of
three effective mathematics teaching practices
as a solution to the problem of weak proof skills
of students. These are a) Including activities
that require mathematical reasoning and proof,
b) Using and relating mathematical
representations, ¢) Supporting productive
challenge in mathematics classes (Zeybek
Simsek, 2020). Therefore, it was thought that
this activity, which requires students to prove
the most important theorem of geometry by
using mathematical notations and making
connections, as recommended, would be useful.
Thus, it is aimed for students to gain an
understanding of the role of deductive reasoning
and logical inference by using patty paper
material, and at the same time to encourage
them to better understand mathematical
concepts and propositions (Hanna, 2018). In
this way, it is thought that the mathematics
teaching practices mentioned by NCTM (2014)
will be achieved. Patty paper folding activity
design requires mathematical reasoning in the
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folding steps; it involves algebraic calculations
and mathematical representations between
folding steps, and since the steps after folding
can be clearly observed, it includes learning
through discovery and thus supports efficient
forcing. Therefore, this activity design is
considered to be an effective mathematics
teaching practice. The use of paper folding in
geometry allows us to visually present some
concepts, properties and relationships without
technology or measuring tools such as squares,
or rulers (Duatepe-Paksu, 2016). This method,
which supports conceptual learning on
appropriate  subjects, also increases the
motivation of students towards the subject and
even the course (Robichaux & Rodrigue, 2003).
Paper folding is an effective material and
method that can be used to prove theorems, and
examining these applications is a useful method
for teachers and students to develop a different
perspective on proof and geometry. (Boz
Yaman, 2020). The reason why the patty paper
folding method, is used in this activity is the
transparent structure of patty paper. In this way,
it allows what is written and drawn on it to be
easily seen and to make geometric discoveries
with ease of folding. Patty papers are waxed
square papers used by fast food restaurants to
separate hamburger patties (Serra, 1994). Patty
papers sold in markets, also known as baking
papers, serve the same function when cut to the
appropriate size (usually 15*15cm, but any
suitable size can be used). It can be easily
written on patty papers with pencils and felt-tip
pens, and it is important for patty papers to be
transparent in proof activities, to easily observe
the folded side (fold marks) when folded and
written on with a pencil, and to be able to
observe relationships in visualization and
justification, allowing reasoning. This enables
students to work on proof tasks. Patty paper
tasks thus differ from other paper folding tasks.

Patty paper geometry allows the discovery of
any feature that can be discovered by using
compasses, rulers and protractors. For example,
since the patty paper is considered as a square
based on the initial assumption, in the activities
it is assumed that all its edges are equal, and the
corner angle measurements are 90°. Thus, in
applications, length measurements can be made
by using the edges of the patty paper, assuming
that each side of the patty paper is equal, or
whether a triangle is an acute or wide angle
triangle can be determined by using the corner
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angles and side lengths of the square and
making measurements, and special triangles
such as right triangles, equilateral triangles can
be created, different quadrilaterals can be
created. The relationships between them can be
determined using these measurements. In
addition, comparing angle, area and length
measurements by making copies using the
transparency feature of patty paper is one of the
useful discoveries of patty paper tasks. In a
classroom where patty paper geometry activity
is carried out, the cooperative learning model
comes to the fore. A double-shared group
structure is recommended for patty paper
geometry. In this structure, students working in
groups of four are divided into two pairs. One
student from each pair reads the instructions to
the partner while the partner does the folding.
Each pair compares their results with the results
of the other pair in the group. The group then
forms its hypothesis and both pairs and roles
change for the next investigation. This
cooperative group structure allows them to learn
by discovery. Everyone has a role in paired
sharing and helps reduce children's mathematics
anxiety (Serra, 1994). In this study, the
mentioned double-shared group structure was
adopted. In this study, it was aimed to not only
reveal the Pythagorean theorem with the patty
paper folding method, but also to observe
whether this activity is useful or not, to reveal
the students' reactions to the activity, and to
familiarize teachers with the patty paper folding
tasks.  Students often have difficulty
memorizing the formulas that are mainly used
in geometry lessons. For this reason, it is
considered important to create such
environments where the reasons for rules and
formulas can be investigated.

Preparing Students for the Activity Process:
Readiness Activities

Readiness activities include folds that contain
the preliminary information that students will
need while doing the folds in the relevant proof
activities. These include basic activities such as
creating squares and triangles, measuring
angles and lengths, and finding common points;
It also consists of applications such as finding
the midpoint of a line, discovering the shortest
distance from a point to a line, reducing the
height of a scalene or obtuse angle triangle, and
creating a line parallel to a line. For example,
the first activity task involves reaching the
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Pythagorean Theorem by calculating the areas
of triangles and quadrilaterals. For this purpose,
it is necessary to measure the corner angles with
the help of patty paper, knowing that the value
of the corner angle measurement of patty paper
is 90°. This is based on the initial assumptions
of patty paper. The second activity requires
knowing the shortest distance of a point to a line
and folding a line parallel to a line with the help
of patty paper to make vertical folds. In the last
activity, whether the three line segments can
form a right triangle requires the use of the
transparency feature of patty papers. The fold
marks formed when folding the patty paper
represented the line segment and the edges of
the shape desired to be created. The
combination of folds formed angles, and their
intersections were treated as points.

In readiness activities, students worked with a
double-sharing group structure as suggested by
Serra (1994). The teacher informed the students
about this group structure in the preparation
activities. Students are grouped in a group of
four people, two people in a row, front and back.
In each row, this group of four is divided into
two pairs. While one student from each pair
practiced the activity, the other did the common
folding and read the instructions. Afterwards,
the couples shared their ideas with the other
couple in the group where they had problems;
in the next activity, they performed the
doublings by changing the order, that is, the
roles, between the couples. In this way, they had
the opportunity to share their thoughts and
reasoning with each other and had the
opportunity to turn their reasoning into
hypotheses.

As can be seen in Table 1, in the first activity,
students were first asked to fold and unfold the
patty paper in any way they wanted. They were
then asked to fold and unfold a second line.
What will happen after repeating this process
several times and at how many points two lines
can intersect each other have been asked and
discussed. In the second activity, students were
asked to fold a line on patty paper and mark a
point that was not on this line, and to find the
shortest distance of the point to the line. They
were expected to discover that the shortest
distance of the point to the line is the line
perpendicular to it. For this purpose, first of all,
the students were asked to mark any point on the
patty paper and then fold a line outside the
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point. Afterwards, they were asked to fold lines
of different lengths from this point to this line,
and it was stated that they could fold by
selecting more than one point on the line they
first folded and that they could go over the fold
marks with a pencil. The students were asked to
determine the lengths of the lines they folded in
pairs. Students were asked to find the shortest
line, and they were expected to justify why it
was "the shortest” according to the answers
given. Students were expected to discover that
the shortest distance is the line that forms a right
angle. After the discovery, they were expected
to justify the reason for forming a right angle.
Students were expected to notice that, due to the
transparency of patty paper, as they folded, the
shorter lines overlapped with the folds; it
created complete overlap when folded on
themselves, that is, it turns into a right-angle
measurement of 180 degrees/ 2 = 90 degrees
since it forms half of the straight angle (Figure
1).

Table 1. Readiness Activities

Activity Aim
No/Content
1/ Folding It is aimed to enable students to have an
and idea about the intersection points of the
discussions lines they fold and their positions relative
on how to each other. For example, it is aimed to
many points  provide students with an intuitive
two lines understanding of the positions of the lines
can intersect  relative to each other while creating
each other triangular and quadrilateral areas formed
by the intersection points of the folded
lines or discovering whether the line
segments will combine to form a triangle,
as in the last activity. The transparency
feature of patty paper provided benefits
such as making fold marks visible and
making it easier to place the lines end to
end in Worksheet 3.
2/ Folding In Worksheet 2, for right triangle folds, it
and is necessary to know how to fold the
discussions shortest distance of a point to a line and
on finding that this distance is also the height.

the shortest
distance of a

Thanks to the transparency feature of
patty paper, the height drawn from the

pointfroma  point to the line causes the lines to
line overlap when folded on top of each other.
3/ Foldinga  InWorksheets 1 and 2, to observe that the
line parallel opposite sides of the square are parallel to
to another each other; knowing that another line that

line folds into a line and is perpendicular to a
line is parallel to the first line gives
students an insight into the edges of the
square and the positions of the lines

relative to each other.
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Figure 1. Finding the Shortest Distance of a
Point from a Line

It was aimed for the students to realize that the
shortest line they created by folding was formed
by overlapping the first line they folded and
dividing the straight angle in half. In other
words, it was aimed for students to say the
expression "when a straight angle overlaps, it
divides the region into two". The double-
sharing group structure helped students when
they could not explain it. So much so that the
students tried to persuade each other, and when
they could not, they argued with the other pair
in the other group. If they were still not
convinced, an opportunity was created to
discuss their ideas with other groups in the
class.

After finding the shortest distance of a point to
a line, the students were asked to find a line
parallel to the line on the same patty paper.
Students were expected to discover how to draw
parallel lines (a hint that they could use
perpendicular if necessary). Students were
expected to justify their reasoning and to realize
and express that when the height is drawn again
on a perpendicular line, parallelism is achieved.

Pilot Study

Worksheets and patty papers were distributed to
the students, one for each group. A section was
left for them to draw the folds they made with
patty paper on the worksheet. The students first
made the folds by trial and error, then drew the
folded image on paper, and finally checked
whether they made the folds correctly in the
powerpoint presentation. In the pilot study, it
was determined that students' drawing on paper
caused a waste of time, and it was observed that
they felt the need to use a ruler to draw properly.
For this reason, the worksheets used in the pilot
application were updated. Students achieved the
expected goals through trial and error.
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However, although they found the shortest
distance of a point to a line by folding it and
discovered that the resulting line formed a right
angle, they could not explain the reason for this.

ACTIVITY IMPLEMENTATION

This activity was held in six lesson hours in the
2022-2023 academic year with 20 ninth grade
students studying in a public school in Honaz
district of Denizli province, in groups of two.
The aim is to eliminate the difficulties
experienced by the students who learned the
Pythagorean Theorem in the previous year, if
any, towards these achievements, to ensure that
they develop a positive attitude towards proof
by folding patty paper, and to test the
effectiveness of this activity in generating the
Pythagorean Theorem. Thus, it was aimed to
observe  whether  students'  conceptual
understanding could be reinforced.

In addition to patty paper, rulers, pencils and
scissors were used in the activity. The pencil
was used so that the students could draw on
patty papers after folding them, and the scissors
were used to make the appropriate cuts. The
ruler was not used for measuring purposes, but
to go over the fold marks properly. This activity
consists of two parts throughout the first two
activities called “Patty Paper Folding Activity
Task” (Table 2).

Table 2. Patty Paper Folding Activity Task

Patty Paper Folding

Activity Worksheet 1

Patty Paper Folding
Part One: Patty Paper Activity Worksheet 2
Folding Activities Patty Paper Folding

Activity Worksheet 1

(Control Activity)

Folding Visuals with
PowerPoint Presentation

Part Two: Folding
Images

The first and second parts were conducted
simultaneously. In the first part, Patty Paper
Folding Activity Worksheet 1", and “Patty
Paper Folding Activity Worksheet 2", which
contained instructions were distributed to the
students, respectively. These worksheets
consist of two different activities that reach the
Pythagorean Theorem in two different ways.
After the application, a post-application control
activity (“Patty Paper Folding Activity
Worksheet 3”) was carried out, which included
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discoveries about whether the three side lengths
that make the Pythagorean Theorem true would
form a right triangle. In the first two Patty Paper
Folding Activity Task worksheet applications;
students followed the worksheet activities (first
part), and at the end of the step, they checked
whether they had folded correctly by watching
the relevant visuals (with a PowerPoint
presentation) (second part, Folding Visuals).
These two parts were carried out simultaneously
(Table 2). In "Patty Paper Folding Activity
Worksheet 3", which includes the control
activity, students were given three side length
measurements of a right triangle that meets the
formula a? + b? = ¢? and were asked whether
they could form a right triangle using these
sides. After the pilot study, the first prepared
working papers were revised (Appendix 1).

Patty Paper Folding Activity Worksheet 1

Along with the "Patty Paper Folding Activity
Worksheet 1", 15x15 sized patty papers were
distributed, one to each group consisting of two
people. The folding visuals previously prepared
by the teacher were made ready by opening the
powerpoint presentation. In "Patty Paper
Folding Activity Worksheet 1", students are
expected to reach the Pythagorean Theorem by
reasoning with the help of area calculation using
congruence-similarity in triangles (Appendix
1).

Students started the activity with the
instructions specified in the first step. Students
made the markings on patty paper using other
patty paper of the same size. After naming the
edges of the patty paper, the students were
asked: "How can we express an edge of your
patty paper in terms of a and b?" When asked,
the majority of the class, except for a few
students, answered "ab". After the students
were given an example with numbers instead of
a and b, the whole class realized that the answer
was “a+b” Since the students could not make
the algebraic extension of (a + b)? the teacher
drew a square on the board in order to enable
them to reach this identity and gain experience
in the steps. This situation was not a part of the
patty paper folding activity but was a situation
that developed during the activity. The teacher
aimed for the students to reach this algebraic
extension from the shape instead of giving it
directly. All of the students reached the identity
(a + b)?, and all of the students completed their
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folding correctly in the second step of
Worksheet 1. The students correctly identified
that there were four triangles and a quadrilateral
formed as a result of the folds they marked on
the patty paper. However, they used the
expression "equality" when talking about the
"congruence” of triangles. Below is an example
of a workgroup. A student’s statement is as
follows: “All triangles are equal. 4 triangles and
1 square came out of 1 square. Since 4
triangles are equal, a square appeared in the
middle” (Figure 2).

z.A.d|m 2 Biti.sik .kenariardaki nokta ciftleri arasindaki 4 parcay! (icgen olacak sekilde katlayin veya
cizin. Bu ?Ildlglnlz veya katladiginiz kenarlan c olarak isimlendirin, Olusturulan iiggenler hakkinda ne
soylersiniz. Ortada olusan yeni sekil hakkinda ne soylersiniz?

V/,'q‘m,[(r ee’"t ”‘Ifgdtn kSeqen 1 bare ,iby,
i Seqen eqlt o)IGY i ortede Rare ¢y *

Figure 2. Example of a Student Group’s
Response in Step Two

In the third step, students were asked to name
the angles of the triangles formed on the patty
paper they folded. In this way, they were
expected to realize that the third sides of
triangles whose two sides and one angle were
equal were also equal. All of the students
noticed that the angles in right triangles were
supplementary angles and stated this. In the
second step, students were expected to express
with a mathematical basis why the shape
formed in the middle was a square. What is
expected from the students was to realize that
these triangles were congruent because their
two sides were congruent and the angles formed
by these two sides were congruent. All groups
named the angles in the triangle as shown in
Figure 3. While implementing these steps, they
also had to fill in the sections on the activity
sheet according to their task sharing within the
group (Photograph 1).

Figure 3. Labeling Example Made in the Third
Step
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Photograph 1. Example of Students Filling in
the Worksheet

Since the students worked with a double-
sharing group structure in the activities, they
took turns on three worksheets and shared their
folding and reasoning with each other. For
example, the student who folded in Worksheet
1 filled in the sections in Worksheet 2, and the
other student made folds in Worksheet 2. Since
the students acted with the same group structure
in the preparation activities, they were prepared
for group work in advance. Most of the students
(except one group) stated that one corner of the
patty paper was 90° and found that the sum of
the angles they named in the triangle was 90°,
by taking advantage of the transparency of patty
paper. First of all, they placed another patty
paper on the patty paper they were working on,
marked (scribbled) the angle a on the patty
paper, and placed it on the acute angle of the
other right triangle, which they thought was the
same, and determined that it was the same size.
Thus, for triangles whose one angle measure
was equal, the other acute angle measures (y
angle) were also equal. Since it is known that
the corner angle of a patty paper is 90°; the
students placed the acute angle measurements
(x and y) side by side on the patty paper and
checked them on a corner angle of the other
patty paper (Figure 4).

Figure 4. Students Reaching the Right-Angle
Measurement by Taking Advantage of the
Transparency of Patty Paper
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Thus, they said that the sum of the x and y angle
measurements was 90° and one angle of the
new quadrilateral formed in the middle was 90°
Students who stated in the previous step that the
shape was a square due to its appearance were
able to express their thoughts on a mathematical
basis. For example, a group of students stated as
follows an then expressed this with equality
(Figure 5): "I know that one side is 90° because

the sum  of the interior angles of the triangle
is 180 degrees."
:A::e um’n'em icerisindeki tdm agdan isimiendirn. Clusturulan dortgenin Kersindeki aplar
eHf=20 { . ;«‘
S

g ol dopwn MO Doten 90 Py oyt Jid bow
SR eld ety
3Adim : ggenlerin kerisidekd xuw\xyuxe isimle
hakknda ne soylersiniz? 15\C ANCeNIN
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Figure 5. Example of a Group’s Response for
the Third Step
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In the example of another student group,
students made correct justifications based on the
sum of the interior angles of the triangle. For
example, one student expressed it as e+f=90,
drew on a square and continued as follows:
The sum of the interior angles of a triangle
is 180. There were already 90. By adding E
and F, we got the remaining 90.
Since we know that one side is 90°, the sum
of the measures of the interior angles of the
triangle is 180. (Figure 5).

In the fourth step, only four students in two
groups realized that they could reach the desired
theorem with the help of the area. For this
reason, all groups were reminded of their first-
step practices. In this way, all groups reached
the Pythagorean Theorem with the help of the
area. The response of one group is given in
Figure 6. (Next to the algebraic calculations, the
student expression is "area of the square in the
middle". While applying the steps in this
activity, which lasted 2 class hours, it was
observed that students generally had difficulty
performing algebraic operations and had
difficulty expressing the concepts they knew
mathematically. When students were asked why
the shape was a square, they used expressions
such as "All sides are equal.”" and "It has four
sides.” instead of investigating and justifying
that the reason why the side lengths of the
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squares are equal could be due to identical
triangles.

Patty Paper Folding Activity Worksheet 2

“Patty Paper Folding Activity Worksheet 2”
was directed to the students in the second week
of the study. It is an activity created by dividing
wax paper into four triangles and a square, and
the Pythagorean Theorem is achieved with the
help of algebra. The difference from the first
activity is that in this activity, students will be
able to reach the square formed in the middle
with the help of triangles that can only be
formed by folding perpendiculars to the line
drawn at the corner point of the square. The
activity started by distributing patty papers to
the groups (Appendix 1). What is expected from
the students is to reach the Pythagorean
Theorem by using the congruence-similarity
rules and area measurement in triangles.

4.Adim : Olusan 4 Gggenin ve 1 dértgenin alantanni yazinz. Pisagor teoremini nasi elde edersiniz?
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[ Q.

Q{(L?"é s

Figure 6. Example of a Student’s Work in
Step Three

The students easily completed the triangular
fold in the first step and then the triangular fold
perpendicular to the first fold. In particular, its
task in the second step is to fold a perpendicular
line (draw a perpendicular) from a point in one
corner of the square to the hypotenuse of the
triangle folded in the first step. In this step,
which was thought to be difficult for the
students, the students completed the folding
easily. It is thought that the reason for this is that
they have previously experienced the task of
"finding the shortest distance from a point
outside the line to the line" in the readiness
activity. In addition, the transparency feature of
patty paper shows that the fold coincides with
the line, and thus the division of the right angle
into two equal parts can be easily observed. In
this way, all of the students successfully
completed four folds, resulting in four right
triangles (Photograph 2).
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o
Photograph 2. A Group Making the Desired
Fold

What is expected in the third step is that they
realize that the four triangles formed are equal
to each other and that they discover through
mathematical inference that the quadrilateral
formed in the middle is a square. One student
used the expression "Because we folded it
perpendicularly" as the reason. Other students
stated that all the edges of the patty paper were
equal and that there was one of these edges in
each triangle. Thus, they stated that the triangles
they formed were equal. Students in a group
explained, "We prove that the angles are equal
by naming them." While explaining why the
quadrilateral formed in the middle was a square,
most of the students wrote an explanation, but
they did not use the idea of similarity as a
reason. All of the students were able to see that
all angle measurements of the shape formed in
the middle as a result of vertical folding were 90
degrees, but they did not give a reason why
these sides were equal in length. The answer of
one group is given in Figure 7: "Since its sides
are equal, its corners are also perpendicular.
(Because we folded it vertically). It is a square
because its corners are equal” (Figure 7).

3.Adim : Bu iglemi iki kez daha tekrar ettikten sonra yagh kafdin igerisinde 4 adet dik Gggen ve
ortada bir dortgen olugturmug olacaksiniz. Yeni dortgenin kenarlan ve i&‘kll hakkinda ne sdylersiniz?
heaor\an  esh  oluaw ign , Voselenide e Ciiie
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Figure 7. One Group’s Answer in Step Three

The students responded by being aware of the
vertical folds, but they could not base the idea
that the quadrilateral formed in the middle was
a square on the idea of similarity of triangles. In
particular, the statement "It is a square because
its corners are equal” showed that the students
made the case that a shape is a square by
focusing only on the angle measurements, and
that they did not need to explain why all the
sides were equal. In the 4th step, students were
asked to name the edges and right angles of the
shapes they formed on patty paper and to cut out
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the resulting triangles and squares. The students
carried out the instructions requested in the
fourth step, as shown in Figure 8.

/

X

7

Figure 8. Example of the Cutting Made in the
Fourth Step

In the last step, the students were expected to
reach the Pythagorean Theorem with the help of
the areas of the shapes they cut from patty
paper. Since students had previously gained
experience with algebraic equations using area
calculus in Worksheet 1, they did not have
much difficulty in this step. Only some of the
students made a notation mistake while writing
the expression (b — a)? to find the area of the
newly formed square with side (b — a). For this
reason, one of the students in the groups who
made calculation error was asked to perform the
operations on the blackboard. The procedures
were discussed with the whole class and errors
were identified. Then, the whole class
performed the relevant algebraic operations and
arrived at the Pythagorean Theorem. In this
activity, which lasted two sessions, students had
less difficulty than the first activity. However,
since the algebra steps in this activity were more
detailed than the first activity, they had more
difficulty in algebraic operations in this activity.
In these two proof approaches, it is seen that the
shapes can be changed without changing the
areas, and this will not affect the result. In both
activities, at the end of the step, the relevant
visual was simultaneously shown to the
students via a powerpoint presentation. In this
way, students had the chance to check and
change the accuracy of their operations and
steps and proceed to the next step.

Patty Paper Folding Activity Worksheet 3

The control activity was applied in the third
week after the patty paper folding activities,
which were carried out one week apart. Before
starting the activity, the students were asked:
Now you know that if the side lengths of a
right triangle are a and b and the length of
the hypotenuse is c, these three lengths
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prove the formula a? + b? = c2. So, is the
opposite of the Pythagorean Theorem also
true? If you have three segments whose
lengths correspond to the Pythagorean
formula, should these three lengths form a
right triangle?
The answers given by the students were
discussed by the class. What is expected from
students in this activity is to discover that three-
length measures corresponding to the
Pythagorean Theorem will form a right triangle
(Appendix 1).

In the first and second steps of the activity,
students were asked to choose one of the
Pythagorean triples in the given worksheet and
check whether they could meet the Pythagorean
Theorem. Students drew the triples they
controlled on patty paper with the help of a
ruler, and by placing another sheet of patty
paper on top of the drawn patty paper, they drew
a triangle with each side being one of these three
lengths. Here, the lengths of the sides forming
the triangle were given ready-made to the
students. What is expected from the students
were to know whether the triangle formed was
a right triangle or not. The transparency of patty
papers made it possible to easily see whether the
given line segments formed a triangle or not.
Students stated that they knew that the corner of
patty paper was 90° (the initial assumption of
patty paper folding activities). Students made
statements as follows: "I realized that the inside
of the triangle I drew by drawing a line at a
ninety-degree angle on the vertical corner of the
paper was 90°"; "I found it using the corner of
patty paper" (Figure 9).
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Figure 9. Examples of Forming a Right
Triangle

Students were able to form their triangles easily.
Some students expressed that they showed with
a ruler that one angle of the triangles they
formed was 90°. In the last example in Figure 9,
it can also be seen in the statement "We
measured it with the corner of the ruler and saw
that it was 90°." Students acted with the
assumption that the corner of the ruler was a
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right angle. In general, the entire class
participated in the activity willingly.

CONCLUSION and
RECCOMENDATIONS

In this study, it was aimed to reach the
Pythagorean Theorem by students using the
paper folding method, as well as to observe
whether the patty paper folding activity is useful
or not, and to reveal the students' reactions to
the activity. It is thought that the study achieved
its purpose. The patty paper folding activity,
designed to achieve the Pythagorean Theorem,
contains both mathematical and geometric
concepts. Students reached the Pythagorean
Theorem, which they learned in the eighth
grade, by establishing relationships and
reasoning between the areas of geometric
shapes they formed by folding. Instead of a
classroom environment where the Pythagorean
theorem is given and then sample questions
about it are solved, students were presented with
an activity that increases their social
interactions in a cooperative learning
environment and allows them to reason by
considering the information and rules they have
already grasped. During the implementation
process of the activity, it was observed that the
students participated in the activity willingly
and with pleasure. It has been observed that the
patty paper folding task helps students
understand why the theorem is true and that it
supports meaningful learning in terms of being
a visual proof. It was observed that even
students who exhibited negative attitudes and
behaviors towards mathematics lessons
participated in the activity caressingly and
willingly. Thanks to this activity, it was aimed
for students to gain an understanding of the role
of deductive reasoning and logical inference by
using patty paper material and at the same time
to encourage a better understanding of
mathematical concepts and propositions
(Hanna, 2018). It was observed that students
exhibited reasoning and logical inference
behaviors with this activity and were motivated
by these behaviors.

Although the students did not have difficulty in
the folding steps, they had difficulty in
expressing mathematical concepts. It can be
said that the reason for this is due to the
generally low academic achievement levels of
the students. In addition, students encountered
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mathematics courses in which they were
accustomed to solving test questions within the
general academic system. The reason for this
may be that they have not been in environments
where they can demonstrate both algebraic and
cognitive reasoning skills. However, after the
implementation of "Patty Paper Folding
Activity Worksheet 1", the students had less
difficulty in expressing the mathematical
concepts in "Patty Paper Folding Activity
Worksheet 2". In this case, it can be said that
this activity has the potential to facilitate
understanding and provide permanent learning.
This activity was carried out with high school
students. It is thought that the activity can be
easily carried out with eight grade school
students to teach the Pythagorean Theorem
conceptually. This study consists of two proof
activities and control activities of the
Pythagorean Theorem. There are many proofs
of the Pythagorean Theorem and different proof
activities are suitable for application by folding
patty paper (Serra, 1994).

In mathematics classes, patty paper folding can
be used in teaching mathematical concepts, in
reaching rules and theorems, discovering
patterns and many other areas. In introducing
the basic properties and definitions of geometry,
many properties such as the situations of
intersecting lines and angles, finding the
shortest distance of the point to the line, types
of angles and folding the properties of parallel
lines can be discovered with the help of folding
and congruence properties. Many properties
such as the properties of angle bisectors and
medians, reaching the rules related to them,
finding the measurements of the interior angles
of the triangle, finding the height and midpoint
can be discovered with the help of patty paper
geometry. Not only the properties of triangles;
many concepts related to the properties of
polygons, such as the sum of interior and
exterior angle measurements of polygons, and
the properties of certain families of
quadrilaterals  such as  parallelograms,
trapezoids, deltoids, and even transformation
geometry, can be taught by the patty paper
folding method (Serra, 1994).
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Patty Paper Folding Task Worksheets

Part One: Patty Paper Folding Activities

Part Two: Folding Images

Patty Paper Folding Activity Worksheet 1

Step 1: Make a mark on one side of the patty paper and divide
it into 2 pieces and name these pieces as a and b. Mark the other
3 sides of the patty paper with the same dimensions.

Step 2: Fold or draw the 4 pieces between pairs of dots on
adjacent sides to form a triangle. Name the sides you drew or
folded as c. What do you say about the triangles formed? What
do you say about the new shape formed in the middle?

Step 3: Name all of the angles inside the triangles. What would
you say about the angles inside the quadrilateral?

Step 4: Write the areas of the 4 triangles and 1 quadrilateral.
How do you reach the Pythagorean theorem?

Patty Paper Folding Activity Worksheet 1

Step 1: Hold the patty paper by one corner, and fold it into a
triangle so that one corner passes through the adjacent corner.

Step 2: Fold another triangle perpendicular to the first fold and
pass through a second corner of the square.

Step 3: After repeating this process two more times, you will
have created 4 right triangles and a rectangle in the middle in
the patty paper. What would you say about the sides and shape
of the new quadrilateral?

Step 4: Mark the right angles and name the sides. After
determining these triangles by going over 4 right triangles with
a pencil, cut out the triangles and the square.
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Step 5: Reach the Pythagorean theorem with the data you have.

a.b
4'T+ (b —a)? = c?

2ab+ b*> —2ab+ a®>= c?

b? +a?= c?

Images: (Serra, 1994, s.221,
222)

Patty Paper Folding Activity Worksheet 3
Now you know that if a right triangle has side lengths a and b and hypotenuse length c, these
three lengths satisfy the formula:

2 2 _ L2
ac+b°=c
So, is the converse of the Pythagorean theorem also true? If you have three pieces whose lengths
satisfy the Pythagorean formula, should these three lengths form a right triangle?

(3,45} {6,8,10} {9,12,15} {7,24,25}{8,15,17} {5,12,13}

Step 1: Choose any of the Pythagorean triples in the list above.

Step 2: Check that it satisfies the Pythagorean theorem.

Step 3: Draw the triples you chose on your patty paper by measuring them with a ruler.

Step 4: Put another patty paper on top of the patty paper on which you have drawn three pieces,
and draw a triangle with each side being one of these three lengths.

Step 5: How do you show whether one of the angles of your triangle is a right angle? Can you
use the right angles you see around you?

131



